Experimental Verification of Anisotropic Invariance for Three-Qubit
  States by Zhu, Jie et al.
Experimental Verification of Anisotropic Invariance for Three-Qubit States
Jie Zhu,1, 2, ∗ Meng-Jun Hu,1, 2, ∗ Shuming Cheng,3, 1, 2, † Michael J. W.
Hall,3, 4, ‡ Chuan-Feng Li,1, 2 Guang-Can Guo,1, 2 and Yong-Sheng Zhang1, 2, §
1Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026
2CAS Center for Excellence in Quantum Information and Quantum Physics, Hefei 230026
3Centre for Quantum Dynamics, Griffith University, Brisbane, QLD 4111, Australia
4Department of Theoretical Physics, Research School of Physics and Engineering,
Australian National University, Canberra ACT 0200, Australia
(Dated: November 22, 2018)
We experimentally test the recently predicted anisotropic invariance properties of pure three-qubit
states, via generation and measurement of polarisation-path entangled three-qubit states. These
properties do not require aligned reference frames, and can be determined from measurements on
any two of the qubits. They have several applications, such as a universal ordering of pairwise
quantum correlations, strong monogamy relations for Bell inequalities and quantum steering, and
a complementarity relation for Bell nonlocality versus 3-tangle, some of which we also test. The
results indicate that anisotropic invariance, together with the three qubit Bloch vector lengths, can
provide a robust and complete set of invariants for such states under local unitary transformations.
Introduction.— Quantum correlations, including en-
tanglement and Bell nonlocality, are considered as useful
resources that underlie numerous quantum information
processing tasks. When they are employed to accom-
plish a particular quantum task, some important issues
arise: Does the given quantum state demonstrate cer-
tain quantum features? If yes, how useful is this state to
accomplish the desired task? The above questions can of-
ten be assessed via the invariant quantities that remain
unchanged under certain physical operations acting on
the state. For example, various resource measures, such
as negativity [1] and concurrence of entanglement [2, 3],
have been proposed to study quantum correlations quan-
titatively, and almost all of them are invariant under lo-
cal unitary operations. Moreover, well-chosen invariants
are also useful for classifying multi-party quantum states
qualitatively. For example, the 3-tangle [4]—an invariant
under stochastic local operations and classical communi-
cation and under permutations of qubits—determines to
which entanglement class a genuinely entangled three-
qubit state belongs [5]. Hence, a lot of research works
have been devoted to exploring invariants and their ap-
plications in the characterisation and quantification of
multi-party states.
Recently, a surprisingly simple invariance property of
pure three-qubit states was discovered, with a physical
interpretation in terms of the anisotropy of the pairwise
spin correlations [6]. This property is captured by two
anisotropic invariants, which can be determined from the
spin correlation matrix of any two of the qubits, and
which, similarly to the 3-tangle, are invariant under lo-
cal unitary transformations and under permutations of
the qubits. Importantly, these new invariants are partic-
ularly well-suited to the experimental measurement, as
they are reference-frame independent, i.e., there is no re-
quirement that the local measuring devices share a com-
mon reference frame or alignment. This contrasts with
other known invariants for three-qubit states, which typ-
ically require full tomography for their evaluation and
have no simple physical interpretation [7–10]. Further-
more, they have a number of useful applications, such as
a universal ordering of pairwise quantum correlations for
pure three-qubit states, a complementarity relation for
Bell nonlocality versus 3-tangle, and strong monogamy
relations for various quantum correlations [6].
In this work, we experimentally verify anisotropic in-
variance for a set of polarisation-path entangled three-
qubit states. Moreover, we use the measured data to
investigate entanglement-ordering, Bell nonlocality, and
strong monogamy properties of these states.
Decomposition of spin correlations.— Any two-qubit
state ρAB shared between two parties, Alice and Bob
say, is fully characterised by the local Bloch vectors
a = 〈σ ⊗ I〉 and b = 〈I ⊗ σ〉 of the local reduced states,
and the 3 × 3 spin correlation matrix TAB with coeffi-
cients TABjk = 〈σj ⊗ σk〉. Here (σ1, σ2, σ3) ≡ σ are the
Pauli spin operators. The eigenvalues of the symmetric
matrix SAB = TAB(TAB)>, s1 ≥ s2 ≥ s3 ≥ 0, are in-
variant under local unitary transformations, and are of
particular significance in determining the strength of the
shared quantum correlations [11–16].
For example, Alice and Bob can violate the well
known Clauser-Horne-Shimony-Holt (CHSH) Bell in-
equality 〈BAB〉2 ≤ 4 [17], with BAB(a1,a2, b1, b2) :=
σ ·a1⊗σ ·b1+σ ·a1⊗σ ·b2+σ ·a2⊗σ ·b1−σ ·a2⊗σ ·b2,
for some choice of measurement directions a1,a2, b1, b2,
if and only if MAB > 1 [14, 18], where
MAB := sAB1 + sAB2 = max
a1,a2,b1,b2
1
4
BAB(a1,a2, b1, b2)2.
(1)
This condition also determines whether quantum steer-
ing can be witnessed via two spin measurements by each
party [19, 20].
It turns out to be advantageous to consider the natural
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2FIG. 1. Experimental preparation and measurement of three-qubit states in Eqs. (5) and (6). In the state preparation process
(pink regions), a pair of entangled photons is first generated via a type-I phase matching nonlinear β-Barium-Borate crystal.
The first photon of each pair then passes through two beam displacers to generate a pair of qubits, encoded in its path- and
polarisation degrees of freedom, while the polarisation of the second photon encodes a third qubit. The joint measurement of
the qubit spin components is implemented via polarisation analyzers and single photon counting measurements. H1-H7, half-
wave plates; Q1-Q7, quarter-wave plates; P1-P3, polarising beam splitters; BD1-BD3, beam displacers; BBO, β-Barium-Borate
crystal; SPCM, single photon counting measurement.
decomposition of the eigenvalues of SAB into isotropic
and anisotropic contributions [6],
sABj = s
AB
iso + δs
AB
j , j = 1, 2, 3, (2)
where sABiso denotes the average value (s
AB
1 + s
AB
2 +
sAB3 )/3. For isotropic spin corelations, such as for a
two-qubit Werner state [21], the anisotropic contribu-
tions δsABj all vanish, yielding s
AB
j = s
AB
iso (with s
AB
j =
1 for a maximally entangled state). More generally,
sABiso measures the inherent isotropic strength of the spin
correlations, while the δsABj characterise the inherent
anisotropy. Note that since the δsABj sum to zero, there
are only two independent measures of spin anisotropy.
Anisotropic invariants for three-qubit states.— For
any pure three-qubit state |Ψ〉ABC shared by Alice, Bob,
and Charlie, there are reduced density operators ρAB ,
ρAC , ρBC for each pair. The Bloch vectors for Alice,
Bob, and Charlie’s local states will be denoted by a,b,
and c, respectively, and the corresponding pairwise spin
correlation matrices by TAB , TAC , and TBC .
The corresponding isotropic strengths of the three two-
qubit states are easily shown to satisfy [6]
sABiso + s
AC
iso + s
BC
iso = 1. (3)
Thus, the sum of the isotropic strengths is a constant,
although the individual strengths can vary from pair to
pair. In contrast, the spin anisotropy properties are iden-
tical for each pair of qubits [6]:
δsABj = δs
AC
j = δs
BC
j , j = 1, 2, 3. (4)
This invariance property is highly nontrivial, and imme-
diately indicates that the pairwise anisotropies are not
only invariant under local unitary transformations, but
also under any permutation of the qubits or parties. In
particular, they can be determined quantitatively from
measurements on any pair of qubits, and without any
need for a shared reference frame. Moreover, they are
independent of the 3-tangle, and can be generalised to
mixed states via a convex-roof construction [6]. The dis-
tribution of their values over the space of pure three-qubit
states is studied in [22].
The anisotropic invariance property in Eq. (4) has
a number of useful applications, including a strong
monogamy relation for the Bell nonlocality of general
three-qubit states, and a universal ordering of correla-
tions for pure three-qubit states [6]. In addition to ex-
perimentally testing invariance properties (3) and (4), we
experimentally investigate these applications below.
Experimental setup.— A 140-mW laser with a wave-
length of 404 nm is used to pump a combined type-
I phase matching β-barium borate (BBO) crystal to
generate a pair of degenerate photons via the sponta-
neous parametric down-conversion (SPDC) process. The
state of the photon pair is described by cos (φ) |HH〉 +
sin (φ) |V V 〉 [27], where |H〉 represents horizontal polar-
isation and |V 〉 represents vertical polarisation, and the
phase φ is determined by the rotation angle of a half-wave
plate (HWP) before the BBO crystal. The polarisation
degrees of freedom of the photon pair encode two qubits,
labeled as A and C respectively. As shown in Fig. 1,
the first photon is then sent through two beam displac-
3TABLE I. Experimental results for three-qubit W-class states as per Eq. (5). The values of the parameters φ and θ are
specified in the first column. The second column tests the invariance relation (3) for the measured isotropic strengths, while
the remaining columns test the anisotropic invariance property (4) for the measured anistropies. Errors are calculated via
simulating a Poissonian distribution of photon counts.
state isotropic strength anisotropies
(φ, θ) sABiso + s
AC
iso + s
BC
iso δs
AB
1 δs
AC
1 δs
BC
1 δs
AB
2 δs
AC
2 δs
BC
2 δs
AB
3 δs
AC
3 δs
BC
3
(0, 0) 1.006(2) 0.665(9) 0.667(4) 0.667(3) -0.332(7) -0.333(4) -0.331(4) -0.332(7) -0.333(8) -0.335(5)
(20◦, 0) 0.993(3) 0.396(2) 0.393(2) 0.385(3) -0.197(4) -0.190(2) -0.192(5) -0.198(4) -0.202(2) -0.193(1)
(30◦, 0) 1.007(6) 0.175(3) 0.168(4) 0.165(3) -0.104(1) -0.107(5) -0.081(8) -0.093(3) -0.098(5) -0.087(2)
(45◦, 0) 1.012(2) 0.003(1) 0.012(5) 0.012(2) -0.037(3) -0.036(7) -0.029(7) -0.037(6) -0.032(5) -0.041(3)
(30◦, 45◦) 1.004(2) 0.127(3) 0.110(2) 0.116(2) -0.056(5) -0.044(2) -0.056(3) -0.071(2) -0.066(2) -0.063(3)
(45◦, 45◦) 0.981(9) 0.095(4) 0.112(6) 0.109(6) 0.071(4) 0.075(5) 0.076(4) -0.166(3) -0.187(4) -0.175(5)
(30◦, 30◦) 1.010(9) 0.139(4) 0.136(5) 0.131(5) -0.062(9) -0.059(1) -0.063(8) -0.075(8) -0.076(7) -0.067(1)
(45◦, 30◦) 1.007(7) 0.074(2) 0.065(4) 0.066(6) -0.053(3) -0.052(3) -0.059(8) -0.128(3) -0.117(2) -0.126(4)
(45◦, 15◦) 1.002(7) 0.024(1) 0.033(1) 0.025(7) 0.021(5) 0.015(7) 0.013(7) -0.045(6) -0.048(8) -0.039(4)
ers (BD1, BD2) sandwiching two HWPs (H2, H3), to
entangle its path- and polarisation- degrees of freedom,
while the second photon goes directly to the measure-
ment process. In particular, BD1 in the upper (pink)
box acts such that the vertically-polarised component of
the first photon passes into the upper path, while the
horizontally-polarised component passes into the lower
path. This path degree of freedom of the first photon en-
codes a qubit labeled as B. Thus, the state preparation
process generates entangled three-qubit states.
In the experiment, we prepared two classes of pure
three-qubit states for testing anisotropic invariance. The
first class of states generated is of the form
|ψ〉ABC = cos (φ) |1〉 |1〉 |0〉+ sin (φ) cos (θ) |0〉 |1〉 |1〉
+ sin (φ) sin (θ) |1〉 |0〉 |1〉 , (5)
where the angle θ/2 is determined via rotating the HWP
(H3) placed in the upper path. Here each horizontal po-
larisation state |H〉 and the upper path state are encoded
by qubit state |0〉, while the vertical polarisation state
|V 〉 and the lower path state are encoded by qubit state
|1〉. Note that states of the form of Eq. (5) are W-class
states, and hence have zero 3-tangle [5]. In addition to
the class of states as per Eq. (5), we also prepared a class
of three-qubit states of the form
|χ〉ABC = cos (φ′) |1〉 |1〉 |0〉+
1√
2
sin (φ′) |0〉 |1〉 |1〉+
1√
2
sin (φ′) |0〉 |0〉 |1〉 , (6)
via inserting a 45◦-HWP after BD2 in the upper path.
Here φ′ = 90◦ − φ. These are Greenberg-Horne-Zeilinger
(GHZ)-class states, with nonzero 3-tangles [5].
Joint measurements of the three spin components
σAj , σ
B
k , σ
C
l were implemented on the three qubits, for
each possible choice j, k, l = 1, 2, 3, as depicted in the
right half of Fig. 1 (blue region). The measurement pro-
cess includes three polarisation analyzers in the configu-
ration, each of which consists of a HWP, a quarter-wave
plate, and a polarising beam splitter, to obtain the state
information. We measured the path information corre-
sponding to qubit B via conversion from path to polariza-
tion states. If a photon is in the upper path after BD2,
following the preparation process, then its polarization
is horizontal when it arrives at Q2; while if it is in the
down path it will be vertically-polarized. Therefore, the
polarisation analyzer (Q2, H6, P2) obtains the path state
information via polarization state tomography.
Finally, single photon counting measurements
(SPCMs) were used to collect the experimental data, as
relative frequencies corresponding to the joint probabil-
ity distribution Pjkl(α, β, γ), where α, β, γ = ±1 label
the respective outcomes for σAj , σ
B
k , σ
C
l . The pairwise
spin correlation matrix TAB for qubits A and B is
experimentally determined via
TABjk = 〈σAj ⊗ σBk 〉 =
∑
α,β,γ=±1
αβ Pjkl(α, β, γ) (7)
(for any choice of l), with similar expressions for
TAC and TBC . The isotropic strengths sABiso , s
AC
iso , s
BC
iso
and anisotropies δsABj , δs
AC
j , δs
BC
j can then be deter-
mined via the eigenvalues of the corresponding matrices
SAB ,SAC ,SBC , as per Eq. (2).
Results— In this experiment, we prepared twelve
states in total: nine W-class states as per Eq. (5), and
three GHZ-class states as per Eq. (6). The efficiency of
the SPCM was about 68%; the coincident window was
3 ns and the coincident count rate was about 1000 s−1.
We also performed quantum state tomography on our
prepared states [28], and achieved an average fidelity of
99.26% ± 0.3%. The statistical errors are evaluated via
the simulation of the Poissonian distribution of photon
counts. There are also alignment errors, including an un-
certainty of about 0.5◦ for the HWP settings. Our results
4TABLE II. Five typical three-qubit W-class states, as per
Eq. (5), are choosen to test the strong monogamy relation (9)
for Bell nonlocality, via the corresponding Horodecki param-
eters (columns 2 and 3), and the maximal violation of the
CHSH-Bell inequality (columns 4 and 5). Errors are calcu-
lated via simulating Poissonian distribution of photon counts.
(φ, θ) MAB MAC 〈BAB〉2max/4 〈BAC〉2max/4
(30◦, 45◦) 0.323(3) 0.931(2) 0.257(3) 0.925(3)
(45◦, 45◦) 0.499(2) 1.014(6) 0.493(9) 0.988(4)
(30◦, 30◦) 0.310(9) 1.334(4) 0.257(6) 1.300(2)
(45◦, 30◦) 0.384(4) 1.500(3) 0.367(2) 1.485(6)
(45◦, 15◦) 0.136(7) 1.864(6) 0.119(4) 1.857(2)
for W-class states are listed in Tables I–III, while those
for GHZ-class states are given in the Appendix.
Invariants— First, it is seen from Table I that the
sum of the isotropic strengths is unity to within error,
thus verifying Eq. (3) for pure three-qubit states. The
anisotropies δsABj , δs
AC
j , δs
BC
j for j = 1, 2, 3 are similarly
found to be identical, to within experimental error, as
predicted by anisotropic invariance as per Eq. (4).
Strong monogamy— It follows from invariance
properties (3) and (4) that the Horodecki parameter de-
fined in Eq. (1) can be rewritten as MAB = 1 + sAB3 −
sAC3 − sBC3 for pure three-qubit states [6]. A similar ex-
pression for MAC is obtained by permuting the labels,
yielding [6, 23]
MAB +MAC = 2(1− sBC3 ) ≤ 2. (8)
This immediately implies the strong monogamy relation
〈BAB(a1,a2, b1, b2)〉2 + 〈BAC(a′1,a′2, c1, c2)〉2 ≤ 8 (9)
for the CHSH Bell inequality, via Eq. (1), for all three-
qbuit states and all choices of the measurement direc-
tions. This is stronger than previous monogamy rela-
tions, which either give weaker restrictions on the ex-
pectation values [24, 25] or require fixed measurement
directions a1 = a
′
1, a2 = a
′
2 for Alice [14, 26].
The measured values of the Horodecki parameters
MAB ,MAC , given in Table II for several W-class states,
indicate that Alice and Charlie can violate the CHSH
Bell inequality via suitable measurements for the states
corresponding to (φ, θ) = (30◦, 30◦), (45◦, 30◦), (45◦, 15◦)
in Eq. (5), whereas Alice and Bob cannot. This exem-
plifies the strong monogamy relation (8), which may also
be quantitatively checked via summing the Horodecki pa-
rameters in the second two columns of Table II.
Further, to directly check that the strong monogamy
relation (9) is satisfied, we also experimentally estimated
the maximum value of the corresponding CHSH param-
eters for the states in Table II. In particular, we used the
TABLE III. Relative degrees of Bell nonlocality, the
Horodecki parameter, isotropic strength, and Bloch vector
lengths, for states as per Eq. (5), to test the universal order-
ing predicted in Eq. (10). Errors are calculated via simulating
Poissonian distribution of photon counts.
(φ, θ) (CAB)2 − (CAC)2 (MAB −MAC)/2 sABiso − sACiso |c|2 − |b|2
(0, 0) -2.783e-04 8.000e-04 -0.002(1) -7.960e-04
(20◦, 0) -0.412(4) -0.405(3) -0.403(3) -0.410(5)
(30◦, 0) -0.745(6) -0.735(4) -0.738(8) -0.746(8)
(45◦, 0) -0.985(3) -0.977(7) -0.980(2) -0.995(6)
(30◦, 45◦) -0.309(7) -0.304(4) -0.306(2) -0.309(4)
(45◦, 45◦) -0.237(7) -0.257(5) -0.247(5) -0.251(2)
(30◦, 30◦) -0.502(5) -0.512(2) -0.512(2) -0.517(3)
(45◦, 30◦) -0.543(6) -0.558(2) -0.563(5) -0.558(3)
(45◦, 15◦) -0.861(2) -0.862(4) -0.870(5) -0.867(9)
theoretically optimal measurement directions for these
states to measure the corresponding maximum values
〈BAB〉max and 〈BAC〉max of 〈BAB(a1,a2, b1, b2)〉 and
〈BAC(a′1,a′2, c1, c2)〉. For example, the state (45◦, 45◦)
is measured using the directions a1 = a
′
1 = (1, 0, 0),
a2 = a
′
2 = (0, 1, 0), b1 = c1 =
1√
2
(1, 1, 0) and b2 =
c2 =
1√
2
(1,−1, 0)
The results are shown in the last two columns of Ta-
ble II, and may be compared to the corresponding values
of MAB and MAC). In particular, Eq. (9) is verified to
within experimental error, taking into account the align-
ment errors of ±0.5◦ for each HWP.
Ordering of correlations— The final application
of aniostropic invariance which we test here is a univer-
sal ordering of pairwise correlations such as entanglement
and Bell nonlocality. For example, from invariance prop-
erties (3) and (4) one finds that MAB ≥ MAC if and
only if (iff) CAB ≥ CAC iff sABiso ≥ sACiso [6], where CAB de-
notes the concurrence of ρAB [2, 3]. Indeed, this ordering
of pairwise correlation strengths may be strengthened to
the quantitative relation [6]
(CAB)2 − (CAC)2 =M
AB −MAC
2
= sABiso − sACiso
= |c|2 − |b|2, (10)
and its permutations. The experimental results in Ta-
ble III verify this ordering relation of pairwise correla-
tions as predicted in Eq. (10). The data for concurrence
and Bloch vector length is calculated via state tomogra-
phy.”
Conclusion.— We have experimentally verified the
anisotropic invariance properties of pure three-qubit
states, as well as their connections to strong monogamy
relations, Bell inequalities and the ordering of pairwise
correlations. The anisotropic invariants in Eq. (4) are
found to be experimentally robust to minor imperfec-
tions. Together with the Bloch vector lengths |a|, |b|, |c|,
5this robustness makes them useful as an experimental
tool for characterizing the properties of such states up
to local unitary invariance [6], particularly since there is
no need for a common reference frame and only pairwise
measurements are required. It would also be of inter-
est to test the statistical secret sharing scheme proposed
in [6], based on the anisotropic invariance property.
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6APPENDIX
Fidelity of states
As noted in the main text, we tomographically reconstructed the density matrices, and calculated their fidelities
with the corresponding W-class states in Table I. The results are shown in Table IV below.
TABLE IV. Measured fidelities
(φ, θ) (0, 0) (20◦, 0) (30◦, 0) (45◦, 0) (30◦, 45◦)
Fidelity 99.34% 99.79% 98.76% 99.30% 99.55%
(φ, θ) (45◦, 45◦) (30◦, 30◦) (45◦, 30◦) (45◦, 15◦) average
Fidelity 98.88% 99.09% 99.15% 99.51% 99.26%
Results for GHZ-class states
As noted in the main text, we also tested anisotropic invariance and its applications for three GHZ-class states, of
the form
|ψ〉 = cos (φ′) |1〉 |1〉 |0〉+ 1√
2
sin (φ′) |0〉 |1〉 |1〉+ 1√
2
sin (φ′) |0〉 |0〉 |1〉 (11)
(corresponding to Eq. (9) of the main text).
Tables V and VI give experimental results for several of the same quantities given in Tables I-III of the main text.
These results are, within experimental error, in full accord with predictions.
TABLE V. Experimental results for GHZ-class states as per Eq. (11).
state isotropic strength anisotropies
φ′ sABiso + s
AC
iso + s
BC
iso δs
AB
1 δs
AC
1 δs
BC
1 δs
AB
2 δs
AC
2 δs
BC
2 δs
AB
3 δs
AC
3 δs
BC
3
20◦ 0.995(6) 0.525(3) 0.525(4) 0.524(8) -0.262(5) -0.259(9) -0.262(2) -0.262(6) -0.264(5) -0.262(1)
30◦ 0.992(6) 0.413(4) 0.413(3) 0.415(4) -0.206(7) -0.201(9) -0.207(5) -0.206(7) -0.210(7) -0.207(5)
45◦ 0.996(8) 0.333(4) 0.331(4) 0.334(3) -0.202(5) -0.166(3) -0.156(6) -0.166(8) -0.166(9) -0.174(1)
TABLE VI. Relative degrees of Bell nonlocality, isotropic strength, and Bloch vector lengths, for GHZ-class states as per
Eq. (11).
φ′ (CAB)2 − (CAB)2 1
2
(MAB −MAC) sABiso − sACiso c2 − b2
20◦ -0.199(5) -0.209(8) -0.208(1) -0.199(6)
30◦ -0.372(1) -0.373(3) -0.371(7) -0.367(5)
45◦ -0.456(6) -0.499(7) -0.495(2) -0.480(3)
